A droplet of millimeter-to-centimeter scale can exhibit electrostatic levitation, and such levitated droplets can be used for the measurement of the surface tension of the liquids by observing the characteristic frequency of oscillatory deformation. In the present study, a simple mechanical model is proposed by considering a single mode of oscillation in the ellipsoidal deformation of a levitated rotating droplet. By measuring the oscillation frequency with respect to the rotational speed and oscillation amplitude, it is expected that the accuracy of the surface tension measurement could be improved. Using the proposed model, the dependences of the characteristic frequency of oscillatory deformation and the averaged aspect ratio are calculated with respect to the rotational angular velocity of a rotating droplet. These dependences are found to be consistent with the experimental observations.
I. INTRODUCTION
The dynamics of a droplet is one of the most interesting topics in physics [1] . In the 19th century, Rayleigh investigated the frequency of the fundamental mode of oscillation in droplet shape [2] . Since then, there have been several studies on the dynamics of droplets, for example, on the dynamics of the collision of a droplet [3, 4] and the wetting of a droplet on a substrate [5, 6] . There have also been many studies on the oscillation of droplet shape under various conditions [7] [8] [9] .
Through such studies, the techniques for levitating a droplet have been improved. A droplet of the millimeterto-centimeter scale can be levitated in a static electric field by adding an electric charge to it; this phenomenon is called electrostatic levitation. By using such a levitated droplet, new materials can be synthesized without disturbance by a container wall. Levitated droplets have also been utilized for the measurement of physical properties of liquids such as surface tension and viscosity, without using a container [1, 10] .
The surface tension of a liquid can be determined by measuring the characteristic frequency of an infinitesimally small oscillation in the shape of a levitating droplet of the liquid, induced by a small external driving force [2, 11] . The characteristic frequency of oscillation in the n-mode deformation was also calculated as a natural extension of the ellipsoidal deformation [12] . Moreover, Busse analyzed the characteristic frequency of a rotating On the other hand, when the amplitude of the oscillation in droplet deformation is not small, it was experimentally observed that the characteristic frequency increased as the amplitude increased in the case without rotation [15, 16] . The dependence of the amplitude was analytically estimated, and the analytical predictions were found to be consistent with the experimental results [17] . Recently, some of the authors of this paper reported their experimental observations on the dependence of the characteristic frequency of oscillatory deformation for a rotating droplet with large amplitude [18] . Their results were reproduced numerically through hydrodynamic analyses [20, 21] . However, there has been no analytical studies on the characteristic frequency of a rotating droplet with large deformation.
In the present work, the dependence of the characteristic frequency of oscillatory deformation is investigated for a levitated rotating droplet with large amplitude, based on a simple mechanical model. The study focuses on a single fundamental mode of deformation, i.e., ellipsoidal deformation, and analyzes the properties of the oscillation of the levitated rotating droplet. Then the analytical results are compared with experimental observations. The corresponding experimental setup is illustrated in Fig. 1(a) . By adding a positive charge to the droplet and applying a static electric field between the upper and lower electrodes, the droplet is levitated against gravity. A sinusoidal modulation of the voltage between the two electrodes then induces an oscillation in the ellip- soidal deformation of the droplet. Finally, a torque is exerted on the droplet by applying an acoustic field using two speakers located orthogonally to each other, and the droplet rotates. By measuring the dependence of the frequency on the amplitude and rotational speed, it is expected that the accuracy of the surface tension measurement will be improved.
II. MODEL
The mechanical model is constructed under the following three assumptions: (i) A levitated droplet has an ellipsoidal shape with a constant volume. (ii) The fluid inside the droplet moves elastically; in other words, the fluid particles do not change their configuration. (iii) There is no energy dissipation.
Here, the cylindrical coordinates are adopted such that the symmetric axis corresponds to the z-axis in Fig. 1 . The shape of the ellipsoid is then described as
which can also be written as
where a and b are positive, as illustrated in Fig. 1(b) . The volume V and surface area S of the ellipsoid are given by
and
where κ = b/a. Because the volume is conserved, b is a function of a, i.e., b = R 3 /a, where R is the equivalentvolume radius satisfying 4πR 3 /3 = V . As a result, the shape of the ellipsoidal droplet is represented by only one parameter, a. In order to consider the deformation from a spherical shape, a new nondimensionalized variable ξ is defined as
where ξ = 0 represents a perfectly spherical shape. In addition, positive and negative ξ correspond to a prolate and an oblate, respectively. The surface area of the droplet can be expanded with respect to ξ as
where O(ξ n ) denotes the terms of the same order as or higher order than ξ n . In order to derive the equation of motion, the Lagrangian, L is considered as a function of a and θ, where θ is the characteristic direction of the droplet, introduced to describe the droplet rotation. The Lagrangian L can be written as
where E k and E s are the kinetic energy and potential energy, respectively. Under the above-mentioned assumption, the velocity of a fluid particle located at (r, θ, z) is written as (ḃr/b, rθ,ȧz/a), whereȧ,ḃ, andθ are the time derivatives of a, b, and θ, respectively. It can be confirmed that the flow profile satisfies the Navier-Stokes equation (see Appendix A). Thus, the kinetic energy is calculated as
where ρ is the density of the fluid inside the droplet. To evaluate E s , only the surface energy of the droplet originating from the surface tension is considered:
where γ is the surface tension of the fluid. Therefore, the Lagrangian can be written as
The Euler-Lagrange equation for θ represents the angular momentum conservation, i.e.,θ/a = Ω/R, where Ω is a parameter corresponding to the initial angular momentum. By substituting this relation in the EulerLagrange equation for a, a second-order ordinary differential equation (ODE) for a is derived as
(11) This is the governing equation of the dynamics of the droplet. In order to consider the deformation from a spherical shape, eq. (11) can be rewritten as an ODE for ξ:ξ
where Γ = γ/(R 3 ρ), and the terms higher than the fourth-order terms of ξ andξ, and the second-order terms ofξ are neglected. Hereafter, eq. (12) is analyzed for understanding the dynamics of deformation of a rotating droplet.
III. ANALYSIS
Linearizing eq. (12) with respect to ξ,
Thus, the characteristic frequency, f 0 , of the oscillation in droplet deformation without rotation, i.e., for Ω = 0, is calculated as
which corresponds to the result obtained by Rayleigh [2] . When the droplet rotates, ξ = 0 is no longer at equilibrium, but the equilibrium state shifts to ξ = ξ 0 , which is explicitly written as
where Ω is regarded as a small parameter. Then, the characteristic frequency of the droplet oscillation, f , is formulated as
where ω 0 is the angular velocity of the droplet oscillation without rotation, i.e., ω 0 = 2πf 0 = √ 8Γ. These results are comparable with those reported in the studies by Busse [13] and Annamalai et al. [14] . To consider the nonlinear effect of large deformation on the frequency of oscillatory deformation of the droplet, a weakly nonlinear analysis is conducted [22] . As eq. (12) has a form similar to eq. (B1) in Appendix B, the frequency and amplitude can be calculated by eqs. (B5) and (B6), respectively. Comparing eq. (12) with eq. (B1), α 1 = −1/2 + 3ξ 0 /2, α 2 = 3/2 − 5ξ 0 , α 3 /ω 0 2 = −6/7 − 100ξ 0 /49, and α 4 /ω 0 2 = −5/21 + 2748ξ 0 /539. Thus, the frequency, f , with respect to the angular velocity of the rotation, Ω, and the amplitude of ξ for the oscillation, A, can be calculated as
(17) The averaged aspect ratio, Ar is defined as
where a and b are the center positions of the oscillation in the long and short axes, a and b, respectively. Therefore, the time series of a and b are assumed to be a = a + a 1 cos(2πf t + δ) and
where a 1 and b 1 are the amplitudes and δ is the phase shift. It should be noted that a 1 corresponds to RA. The center positions can be written explicitly as
Therefore, Ar is obtained as
(21) Tsamopoulos and Brown reported the frequency shift due to the large amplitude in the ellipsoidal deformation as f = f 0 (1 − (34409/58800)A 2 ) [17, 23, 24] . This result is different from the one obtained in the above discussion (eq. (17)) because Tsamopoulos and Brown investigated the large two-mode deformation from a perfect sphere, whereas we consider an ellipsoidal droplet is considered in this study. These two approaches provide the same results for infinitesimally small deformations, but they exhibit deviations when large deformations are considered.
Next, the results obtained above are compared with a simple spring-bead model. The simplest model that can describe the deformation and rotation is a system with two equivalent small beads connected by a spring on a two-dimensional plane. The mass of each bead is set as m, and the potential for the extension of the spring is set as U (ℓ), where ℓ is the distance between the two beads. It is noted that U (ℓ) = k(ℓ − 2ℓ 0 ) 2 /2, when the spring responds linearly. Here, the natural length of the spring is 2ℓ 0 , and the spring constant is k. In this case the frequency, f ′ , is obtained as
and the center position of the oscillation, ξ ′ center , is obtained as
where ω From the results, the increase in frequency when a droplet is rotating can be considered to be due to the surface tension, which works like a spring. However, a spring-bead model with a linear spring cannot reproduce the center-position shift and the frequency dependence on the amplitude.
By taking into account the nonlinearity of the spring, i.e., U (ℓ) is set as
, the frequency, f ′ , and center-position shift, ξ ′ center , are calculated as
Here, K 2 = 4k 2 ℓ 0 /m and K 3 = 8k 3 ℓ 0 2 /m. By setting K 2 > 0 and K 2 2 > 3ω ′ 0 2 K 3 /4, the spring-bead model can qualitatively reproduce the frequency shift and centerposition shift with respect to the amplitude and rotational angular velocity. It should be noted that these conditions cannot be realized when only the surface energy of the droplet is considered as the potential in eq. (6). The detailed calculations are shown in Appendix C. 
IV. NUMERICAL CALCULATION
In order to confirm the analytical results, numerical calculations were carried out based on eq. (12) . The Euler method was used with a time step of 10 −5 . First, the effects of rotation and amplitude change were evaluated. The time series of ξ for different rotational angular velocities and amplitudes are shown in Fig. 2 . From the numerical results, it was confirmed that the frequency increases when the droplet is rotating and that the frequency decreases as the amplitude increases.
In order to compare the numerical results with the analytical predictions, the frequency shift, (f − f 0 )/f 0 , and averaged aspect ratio, Ar , with respect to the rotational angular velocity and oscillation amplitude were calculated. The method used for the numerical calculation was the same as above, and the results are shown in logarithmic plots in Fig. 3 . The numerical results correspond well with the analytical ones.
V. COMPARISON WITH EXPERIMENTS
In order to confirm the validity of the proposed model, the analytical results were compared with experimental ones. A brief description of the experimental setting is provided below. A more detailed explanation can be found in another paper [18] .
In order to levitate the droplet, a pair of electrodes were set up such that one electrode was located just above the other. By applying a positive voltage at the lower electrode, the droplet injected from a syringe connected to the lower electrode was electrified. The volume of the droplet could be adjusted by controlling the volume of the injected liquid. After injection, negative voltage was applied at the upper electrode, and the droplet was levitated. Then, an additional sinusoidal voltage was applied at the lower electrode in order to induce an oscillation in the ellipsoidal deformation of the droplet. By scanning the frequency of the applied sinusoidal voltage, the resonance frequency of the droplet was obtained. In order to realize the rotation of the levitated droplet, standing acoustic waves were generated in a container using a pair of orthogonally positioned acoustic drivers so that a torque was exerted on the droplet [19] . The rotational angular velocity was controlled by adjusting the sound pressure. The droplet was illuminated by a He-Ne laser, and its vertical position was determined using a position detector. The position of the levitated droplet was controlled by changing upper electrode voltage, which was determined by the position feedback of a proportionalintegral-derivative (PID) algorithm. The droplet radius was measured using a line sensor, and the time change in the shape of the droplet was recorded using two highspeed cameras. For the observation of the flow field inside the droplet, tracer particles made of nylon (9 -13 µm in diameter) were dispersed into the droplet and observed from above. The test liquid used for generating the droplet was propylene carbonate, whose density, surface tension, and viscosity are 1206 kg/m 3 , 43 mN/m, and 2.7 mPa · s, respectively, at room temperature.
From eq. (17), the relationship between the nondimensionalized rotational angular velocity, Ω/ω 0 , and the nondimensionalized amplitude, A, for the condition in which the frequency does not shift significantly compared with that in the case of the sufficiently small deformation without rotation can be obtained as
Moreover, the relationship between Ω/ω 0 and A for the condition in which the averaged aspect ratio is one can be obtained as
The experimental observations for the different rotational angular velocities and oscillation amplitudes are compared with the analytical results in Fig. 4 . In order to confirm the assumptions used in constructing the simple model, it was experimentally verified whether the droplet rotates like an elastic rigid body and whether the angular momentum is conserved. The velocity profile of the fluid inside the droplet was obtained from the motion of the tracer particles observed from above, i.e., in the direction of the rotational axis. From the recorded video, the position of the rotational center and the time series of the positions of the tracer particles were determined. The configuration of the particles did not change much as shown in Fig. 5 , in which three particles were traced.
Furthermore, we also measured the angular velocity of the particle, ω, and the apparent radius, i.e., the radius of the droplet in the plane perpendicular to the z-axis, b, with respect to time were obtained from the video as shown in Fig. 6(a) . It was found that the angular velocity oscillates in synchronization with the change in b. In addition, the angular momentum per mass, Q, was defined as Q = b 2 ω and plotted with respect to time in Fig. 6(b) . The change in Q was approximately 20% of the averaged value. From these results, it can be concluded that the assumptions (ii) and (iii), i.e., fixed configuration inside the droplet and angular momentum conservation due to the small energy dissipation, are adequate.
VI. SUMMARY
A droplet of the millimeter-to-centimeter scale can be levitated by applying an electric charge, and such levitated droplets have been used to measure the surface tension of liquids by determining the characteristic frequency of oscillatory deformation. In the present study, a simple mechanical model was proposed by considering a single oscillation mode of the ellipsoidal deformation of a levitated rotating droplets. By measuring the dependence of the frequency on the amplitude and rotational speed, it was expected that the accuracy of the surface tension measurement could be improved. By the proposed model, the characteristic frequency of the oscillation for a rotating droplet can be calculated. Moreover, the dependence of the frequency on the rotating speed and amplitude observed in the experiment was reproduced by the model.
